In 1989, Das and Patel considered known sequence spaces to define two new sequence spaces called lacunary almost convergent and lacunary strongly almost convergent sequence spaces, and proved two inclusion theorems with respect to those spaces. In this paper, we shall extend those spaces to two new double sequence spaces and prove multidimensional analogues of Das and Patel's results.
Introduction and background
Let l ∞ and c be the Banach spaces of bounded and convergent sequences x = (x k ) normed by ||x|| = sup k |x k |, respectively. A sequence x ∈ l ∞ is said to be almost convergent if and only if its Banach limits coincide. Letĉ denote the set of almost convergent sequences. Lorentz in [4] proved that c = x ∈ l ∞ : lim m t m,n (x) = exists, uniformly in, n where t m,n (x) = x n + x n + · · · + x n+m m + 1 .
The space |ĉ| of strongly almost convergent sequences was introduced by Moddox [5] and also independently by Freedman et al. [3] as follows:
|ĉ| = x ∈ l ∞ : lim m t m,n (|x − Le|) = 0, uniformly in n for some L where e = (1, 1, 1 . . .). By a lacunary θ = (k r ); r = 0, 1, 2, . . . where k 0 = 0, we shall mean an increasing sequence of non-negative integers with k r − k r −1 → ∞ as r → ∞. The intervals determined by θ will be denoted by
will be denoted by q r . The space of lacunary strongly convergent sequences N θ was defined by Freedman et al. [3] as follows:
There is a strong connection between N θ and the space
Recently, Das and Mishra [1] introduced the space AC θ of lacunary almost convergent sequences by combining the space of lacunary convergent sequences and the space of almost convergent sequences as follows:
and
If we take θ = (2 r ), the above spaces AC θ and |AC θ | reduce toĉ and |ĉ|, respectively. A few years later, Das and Patel in [2] presented inclusion theorems for those spaces. Let ω denote the set of all double sequences of real numbers. By a bounded double sequence, we shall mean a positive number M exists such that |x j,k | < M for all j and k. We will denote the set of all bounded double sequences by l ∞ .
By the convergence of a double sequence we mean the convergence in the Pringsheim sense, that is, a double sequence x = (x k,l ) has a Pringsheim limit L (denoted by P-lim x = L) provided that given > 0 there exists N ∈ N such that |x k,l − L| < whenever k, l > N [9] . We shall describe such an x more briefly as "P-convergent". These notions were used to extend some known results from ordinary (i.e. single) sequences to double sequences by Mursaleen [6, 7] , Patterson [8] , and others. The goal of this paper is to extend the notions of lacunary almost convergent and lacunary strongly almost convergent sequence spaces to double lacunary almost P-convergent and double lacunary strongly almost P-convergent sequence spaces. In addition, we shall also establish multidimensional analogues of Das and Patel's results.
Main results
Definition 2.1. The double sequence θ r,s = {(k r , l s )} is called double lacunary if there exist two increasing of integers such that
Notations: k r,s = k r l s , h r,s = h r h s , θ r,s is determine by I r,s = {(i, j) :
where
, and q r,s = q r q s . Throughout this paper, we will also use the following notations:
and We shall consider the following set. |AC * θ | ⇔ |AC | is among the first conjectures we shall prove. Obviously, this conjecture is false in both directions. Let us establish that |AC * θ | ⇒ |AC | is false. If θ is such that {k r } and {l s } are both even integers and x is defined as follows:
It is clear that x ∈ |AC * θ | and x ∈ |AC |. Likewise it is also clear that |AC * θ | ⇐ |AC |. Now let us consider the following sequence spaces. Note that h r,s and I r,s are replaced withh r,s andĪ r,s respectively. We shall now establish multidimensional analogues of Das and Patel's results in [2] .
Lemma 2.1. Suppose > 0 there exist m 0 , n 0 , p 0 , and q 0 such that
for m, n ≥ m 0 , n 0 and p, q ≥ p 0 , q 0 then x ∈ |AC |.
Proof. Let > 0 be given and choose m 1 0 , n 1 0 , p 0 , and q 0 such that 1
for all m ≥ m 1 0 , n ≥ n 1 0 , p ≥ p 0 , and q ≥ q 0 . We need only to show that given > 0 there exist m 3) will hold for m ≥ m 0 , n ≥ n 0 and for all p and q, which gives the results. Once p 0 and q 0 have been chosen, they are fixed. We have the following:
is finite. Thus ( p, q) ∈ D implies that p ≤ p 0 and q ≤ q 0 . So for m ≥ p 0 , and n ≥ q 0 we obtain the following by (2.2):
Therefore taking m and n sufficiently large, we can make
which gives (2.3) and hence result. Proof. Let > 0 be given and choose m 0 , n 0 , p 0 , and q 0 such that
for all m, n ≥ m 0 , n 0 and p, q ≥ p 0 , q 0 . As in Lemma 2.1 it suffices to show that there exist m 1 0 , n 1 0 such that for
for all p and q with n ≥ n 1 0 , 0 ≤ p ≤ p 0 , and 0 ≤ q ≤ q 0 . Since p 0 and q 0 are fixed, the following is finite Thus, by Lemma 2.2, we have AC θ ∩ l ∞ ⇒ AC . It is clear that AC ⇒ AC θ ∩ l ∞ . This completes the proof.
